Bounds for the real eigenvalues of a cascade matrix  by Geldenhuys, G. & Sippel, C.
Bounds for the Real Eigenvalues of a Cascade Matrix 
G. Geldenhuys 
Department of Applied Mathematics 
University of Stelknbosch 
7600 Stellenbosch, South Aj%ica 
and 
C. Sippel 
Anglo American Corporation 
P.O. Box 8044 
2501 Western Levels, South Afica 
Submitted by Richard A. Brualdi 
ABSTRACT 
Bounds are derived for the real eigenvalues of a special matrix. Matrices of this 
form arise in the design of two-up one-down cascades for isotope separation. 
1. INTRODUCTION 
Results concerning the eigenvalues and eigenvectors of tridiagonal 
Toeplitz matrices are welI known [2]. We consider the more complicated case 
of the real n x n matrix 
a -b 
0 -b 
z a -b 
0 
A,= -’ , . . . , 
0 ’ _, ; ; -b 
-c 0 a _ 
where b, c > 0. Such matrices arise in the design of twc+up one-down 
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cascades for isotope separation [l]. We derive bounds independent of n for 
the real eigenvalues of A,. 
Write A,, = aZ - B,, and let A,(X) = det(B, - AZ). Then 
A,(X) = - XA,_,(X)+ b’~A~_~(h), 72 2 3, 
A,(A) = I, Al(X) = -X, A,(X) = X2. 
We consider only real values of X. 
(I) 
(2) 
2. BOUNDS ON X 
By using a generating function for A,,(X) it can be shown that 
A,(h) = ;<;( n ;2kj(b2c)“( - h)n-3k, (3) 
where [n/3] denotes the integral part of n/3. It follows from (3) that B,, can 
have no negative eigenvalue, that 0 is an eigenvalue whenever n is not a 
multiple of 3, and that 0 is not an eigenvalue when n is a multiple of 3. 
For n > 3, Z?, is an irreducible nonnegative matrix. It then follows from 
the Perron-Frobenius theorem that B, has a unique maximum real eigenvalue 
y,. Furthermore, from [3, p. 301 we know 
Y,<Yn+l for n = 2,3,... . 
The difference equation (1) has the characteristic equation 
(4) 
f( r ) = r3 + XT2 - b% = 0. 
The function values at the turning points of f(r) 
f( - 2X/3) = 4X3/27 - b2c. The only real value of 
second of these function values zero is 
A = 7 = 3( ZJ%/4)“3. 
This implies that f( - 2h/3) > 0 when X > 7. 
are f(0) = - b’c and 
X that will make the 
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THEOREM. All real tigersvalues of B,, are less than r. 
Proof. Clearly r is not an eigenvalue of B,, since if X = 7, we find from 
the solution of (1) with the initial conditions (2) that 
A,(T) =;[l+( -2)^(8+6n)](I~~u/4)“‘~, 
which cannot be zero. 
Next consider the case X > 7. If x, y, and z are the three distinct zeros of 
f(r), we find from the initial conditions (2) that the constants ci, c2, and c3 
appearing in the solution A,(X) = cir” + cay” + c3z” have the values 
0 + Y)(A + 2) 
c1= (r-y)(r-z) ’ 
(A +x)(X + 2) 
c2= (y-x)(y-2) ’ 
(A + 40 + Y) 
c3= (z-x)(z-y) ’ 
Without loss of generality we assume r < y < 0 < z. Note that f( - A) = 
- b2c, so that --A < x. Then 
(X+x)(X + y)(r - y)z” < 0, 
and for n even and positive 
(X+y)(A+z)(y-z)x”+(h+x)(A+z)(z-x)y”<O. 
These two inequalities show that, for n an even, positive integer, it 
impossible for X to be an eigenvalue of B,,, that is, to satisfy the equation 
(A+y)(A+Z)(y-z)x”+(X+r)(h+z)(z-x)y” 
+(h+x)(X+y)(x-y)z”=O. 
is 
Finally, the only real eigenvalue of B, is 0, and 0 < r. We have shown 
that y2n<r for n=l,2,..., and from (4) we know that y,, < y2n+l for 
n=2,3,.... n 
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3. CONCLUSION 
The results of the previous section imply that any real eigenvalue 17 of A,, 
satisfies the bounds 
a - 3( b2c/4)“3 < TJ < a. 
Equality in the right-hand side can be achieved only when n is not a multiple 
of 3. 
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